In this article, we introduce the notions uniformly p-convergent sets and weakly p-sequentially continuous differentiable mappings. Then, we obtain a sufficient condition for those Banach spaces which either contains no copy of ℓ 1 or have the p-Schur property. Finally, we give a characterization for the weakly p-sequentially continuous differentiable mappings.
Introduction:
Suppose that X and Y are real Banach spaces and U is an open subset of X. A subset B ⊂ U is U-bounded, if it is bounded and the distance between B and the boundary of U is strictly positive [10] . Let C 1u (U, Y ) be the space of all differentiable mappings f : U → Y whose derivative f ′ : U → L(X, Y ) is uniformly continuous on U-bounded subsets of U. In recent years, several authors have studied properties of C 1u mappings between Banach spaces. For more information in this area, we refer the reader to [13, 14, 19] and references therein. Recall that, a mapping f : U → Y is compact if it takes U-bounded subsets of U into relatively compact subsets of Y. Aron ([2, Theorem 1.7]), proved that a holomorphic linear function f : X → C is compact on bounded subsets if and only if its derivative f ′ : X → X * is a compact mapping. Bombal et al. [5] , for a holomorphic function f of bounded type on a complex Banach space X, proverd that its derivative f ′ : X → X * takes bounded sets into certain families of sets if and only if f may be factored in the form f = g • S, where S is in some associated operator ideal, and g is a holomorphic function of bounded type. Following this, Cilia et al. ([11, Theorem 3.1] ), proved that if f ′ is uniformly continuous on bounded sets and with values in the space K(X, Y ) of compact operators from X into Y, then f ′ is compact if and only if f is weakly uniformly continuous on bounded sets. It is well known ( [17, Proposition 3.2] ), that a bounded linear operator T : X → Y between Banach spaces is completely continuous if and only if its adjoint T * takes bounded subsets of Y * into uniformly completely continuous subsets, often called (L)subsets, of X * . Let us recall from [22] , that a subset K ⊆ L(X, Y ) is called uniformly completely continuous, if for every weakly null sequence (x n ) n in X, it follows: lim 
Inspired by the above works, we introduce the notions uniformly p-convergent sets and weakly p-sequentially continuous mappings. In the sequel, we obtain a sufficient condition for those Banach spaces which either contains no copy of ℓ 1 or have the p-Schur property. Finally, we show that if U is an open convex subset of X and f ∈ C 1u (U, Y ), then f takes U-bounded and weakly p-Cauchy sequences into norm convergent sequences if and only if f ′ takes U-bounded and weakly p-precompact subsets of U into uniformly p-convergent subsets of L(X, Y ).
Notions and Definitions:
Throughout this paper 1 ≤ p < ∞ and 1 ≤ p < q ≤ ∞, except for the cases where we consider other assumptions. Also, we suppose X and Y will denote real Banach spaces, U ⊆ X will be an open convex subset, p * is the Hölder conjugate of p. The word 'operator' will always mean bounded linear operator. For any Banach space X, the dual space of bounded linear functionals on X will be denoted by X * . Also, we denote the closed unit ball of X by B X .
For a bounded linear operator T : X → Y, the adjoint of the operator T is denoted by T * . The space of all bounded linear operators and weakly compact operators from X to Y will be denoted by L(X, Y ) and W (X, Y ), respectively. If X 1 , ···, X k are Banach spaces, the space of all k-linear (continuous) mappings from
The space of all k-homogeneous continuous polynomials from X into Y is denoted by P ( k X, Y ). Note that correspondent each P ∈ P ( k X, Y ), we can associate a unique symmetric k-linear mappingP : X × · · · × X → Y so that P (x) =P (x, · · ·, x). A mapping f : X → Y is holomorphic if, for each x ∈ X there are r > 0 and a sequence (P k ) of polynomials, with P k ∈ P ( k X, Y ) such that f may be given by its Taylor series expansion around x :
uniformly for y − x < r. We use the notation H(X, Y ) for the space of all holomorphic mappings from X into Y. A mapping f ∈ H(X, Y ) is called bounded type, if f is bounded on bounded sets. The space of all bounded type mappings from X into Y is denoted by H b (X, Y ). If the range space is omitted in the above notations, it is understood to be the real field R for instance, H(X) := H(X, R), P ( k X) := P ( k X, R) and H b (X) := H b (X, R). Given x, y ∈ X, we write I(x, y) for the segment with bounds x and y, that is,
An operator is completely continuous, if it takes weakly convergent sequences into norm convergent sequences. The subspace of all such operators is denoted by CC(X, Y ). Let us recall from [15] , that a sequence (x n ) n in X is called
for any increasing sequences (m k ) k and (n k ) k of positive integers [8] . Note that, every weakly p-convergent sequence is weakly p-Cauchy, and the weakly ∞-Cauchy sequences are precisely the weakly Cauchy sequences. An operator T : X → Y is called p-convergent, if T maps weakly p-summable sequences into norm null sequences [6] . The class of all p-convergent operators
A subset K of X is called weakly p-precompact, if every sequence from K has a weakly p-Cauchy subsequence [8] . Note that the weakly ∞-precompact sets are precisely the weakly precompact sets or Rosenthal sets. We refer the reader for undefined terminologies to the classical references [1, 15] .
Main results:
In this section, we obtain a characterization for the weakly p-sequentially continuous mappings. Namely, we show that f : U → Y is weakly p-sequentially continuous if and only if f ′ takes U-bounded and weakly p-precompact subsets of U into uniformly p-convergent subsets of L(X, Y ).
We say that K is a uniformly p-convergent set, if for every weakly p-summable sequence (x n ) n in X, it follows:
As an immediate consequence of the Definition 3.1, one can conclude that the following elementary results.
then the definition of uniformly p-convergent sets coincide with the definition of p-(V ) sets. Also, every uniformly q-convergnt subset of L(X, Y ) is uniformly p-convergnt, whenever 1 ≤ p < q ≤ ∞. Also, it would be interesting to obtain conditions under which every uniformly pconvergent set in L(X, Y ) is uniformly q-convergnt. In my opinion, this is a very interesting, but it is a difficult question? In particular, we answer this question. Indeed, we obtain a characterization for those Banach spaces in which uniformly p-convergent sets in X * are uniformly q-convergent (see Definition 2.1 and Theorem 2.4 in [4] ).
(ii) Suppose that P ∈ P ( k X). It is easy to verify that the equivalence (a) ⇔ (e) in ([5, Corollary 9 ]), shows that the operator P : X → P ( k X) given by P (x)(y) =P (x, · · ·, x, y) (x, y ∈ X) belongs to C p if and only if the derivative P ′ ∈ P ( k X, X * ) defined by P ′ (x)(y) = kP (x, · · ·, x, y) takes bounded sets of X into uniformly p-convergent sets in X * . (iii) It is well known ([5, Theorem 11]), that for a holomorphic function f of bounded type on a complex Banach space X, its derivative f ′ : X → X * takes bounded sets into uniformly p-convergent sets in X * if and only if f may be factored in the form f = g • S where S is p-convergent and g ∈ H b (X).
The following example show that, there exists a uniformly p-convergnt subset of L(ℓ 2 , Y ) so that it is not uniformly q-convergnt.
Example 3.1. Let X = ℓ 2 and Y be an arbitrary Banach space. Since ℓ 2 does not have 2-Schur property, B ℓ 2 is not a 2-(V ) set in ℓ 2 . Therefore B ℓ 2 is not uniformly 2-convergnt subsets of ℓ 2 . On the other hand, ℓ 2 contains no copy of c 0 . Therefore, ℓ 2 has the 1-Schur property (see [12] ). Hence, B ℓ 2 is a 1-(V ) set and so, B ℓ 2 is a uniformly 1-convergnt subsets of ℓ 2 . Now, let 0 = y 0 ∈ B Y and S : R → Y be the operator given by S(λ) := λy 0 (λ ∈ R). Define an operator T :
Since, uniformly p-convergent sets are stable under isometry, there exists a uniformly 1-convergnt subset of L(ℓ 2 , Y ) so that it is not uniformly 2-convergnt.
Recall that a sequence (x n ) ⊂ U is U-bounded, if the set {x n : n ∈ N} is U-bounded. A mapping f : U → Y is weakly sequentially continuous, if it takes U-bounded and weakly Cauchy sequences of U into norm convergent sequences in Y. The space of all such mappings is denoted by C wsc (U, Y ) [9] . The space of all such mappings is denoted by C p wsc (U, Y ). Remark 3.2. It is easy to show that the weakly ∞-sequentially continuous maps are precisely the weakly sequentially continuous. Also, it is clear that for all X, Y, and for every open subset U ⊆ X, we have C q wsc (U, Y ) ⊆ C p wsc (U, Y ), whenever 1 ≤ p < q ≤ ∞. But, we do not have any example of a mapping
. Also, it would be interesting to obtain conditions under which every mapping in the space C 1u (U, Y ) ∩ C p wsc (U, Y ) takes U-bounded and weakly q-Cauchy sequences into norm convergent sequences. In my opinion, this is a very interesting, but it is a difficult question? Proposition 3.2. Suppose that U is an open subset of X. If f is compact and takes U-bounded weakly p-Cauchy sequences into weakly Cauchy sequences, then f ∈ C p wsc (U, Y ). Proof. Let (x n ) n be a weakly p-Cauchy and U-bounded sequence. Then (f (x n )) n is weakly Cauchy so that, {f (x n ) : n ∈ N} is a relatively compact set. It is easy to show that this implies the norm convergence of (f (x n )) n . Hence, 
for some c n,m ∈ I(x n , x m ). Since the sequence (c n,m ) is U-bounded and weakly p-Cauchy, by the hypothesis the sequence (f ′ (c n,m )) norm converges to some T ∈ C p (X, Y ). Therefore we have: Proof. If X is separable, then by ([1, Theorem 2.5.7]) X embeds isometrically into ℓ ∞ . Hence, there is an into isometry T : X → ℓ ∞ which is obviously not p-convergent. If X is not separable, it is easy to show that it has a separable subspace Z without the p-Schur property. Hence, there is an into isometry T 1 ∈ L(Z, ℓ ∞ ) and thus using the fact that ℓ ∞ is injective we can find a bounded linear operator T : X → ℓ ∞ which extends the operator T 1 . It is clear that T is not a p-convergent operator. Since ℓ ∞ is isomorphic to L ∞ [0, 1] (see ([1, Theorem 4.3.10]) ), we obtain a non p-convergent operator
The proof of following lemma with some minor modifications is similar to the proof of ([3, Theorem 2.3]). Hence, we omit its proof.
Lemma 3.2. A polynomial is weakly p-sequentially continuous if and only if it is p-convergent.
A Banach space X is said to have the Dunford-Pettis-property of order p (or briefly, X has the (DP P P )), if the inclusion W (X, Y ) ⊆ C p (X, Y ) holds for all Banach spaces Y [6] . , every Banach space Y, and every weakly p-sequentially continuous polynomial P ∈ P ( k X, Y ), the derivative P ′ ∈ P ( k−1 X, L(X, Y )) is weakly p-sequentially continuous, then either X has the p-Schur property or it contains no copy of ℓ 1 .
Proof. Assume on the contrary that X contains a copy of ℓ 1 and does not have the p-Schur property. Therefore, by Corollary 4.16 and Theorem 2.17 of [15] , there is a p-convergent operator from X onto ℓ 2 . Since ℓ 2 is isometrically isomorphic to L 2 [0, 1], we obtain a surjective operator S ∈ C p (X, L 2 [0, 1]). On the other hand, by Lemma 3.1, there is a non p-convergent operator T : X → L ∞ [0, 1]. Now, let k ≥ 2 be the integer. Define a k-linear mapping L :
] for x 1 , · · ·, x k ∈ X. Obviously, L is well defined, symmetric, and continuous. For each x ∈ X, consider the associated polynomial P (x) = S(x)T (x) k−1 . We claim that P is weakly p-sequentially continuous. For this purpose, suppose that (x n − x) n is a weakly p-summable sequence in B X . Hence, we have: 1] has the (DP P p ), this polynomial takes weakly p-convergent sequences into norm convergent sequences and so, the sequence
Therefore, lim n→∞ P (x n ) − P (x) = 0 and so, Lemma 3.2 implies that the polynomial P is weakly p-sequentially continuous. By using the same argument as in the proof of ([9, Theorem 2.9]), P ′ is not weakly p-sequentially continuous, which is a contradiction. By using the same argument as in the proof of ([9, Theorem 2.1]), we obtain the following similar result. Then the following assertions are equivalent:
For every U-bounded and weakly p-Cauchy sequence (x n ) and every weakly p-Cauchy sequence (h n ) ⊂ X, the sequence (f ′ (x n )(h n )) n norm converges in Y ; (iii) For every U-bounded weakly p-Cauchy sequence (x n ) n and every weakly p-summable sequence (h n ) n ⊂ X, we have Therefore we have, lim r sup a∈K f ′ (a)(h n kr ) = 0. Hence, every subsequence of (sup a∈K f ′ (a)(h n ) ) n has a subsequence converging to 0. Therefore, the sequence itself converges to 0, that is, lim n sup a∈K f ′ (a)(h n ) = 0.
(v) ⇒ (i) Let (x n ) n be a U-bounded and weakly p-Cauchy sequence. Since U is convex, the segment I(x n , x m ) is contained in U for all n, m ∈ N. By the Mean Value Theorem ([7, Theorem 6.4]), there exists c nm ∈ I(x n , x m ) such that
Since (c i,j ) i,j is a weakly p-Cauchy and U-bounded sequence, by (v) we have lim n,m Proof. By the Remark 3.3, the range of f ′ is contained in C p (X, R) = K(X, R) (see Theorem 2.6 in [8] ), where we have used the fact that B X is weakly pprecompact. Let B be a U-bounded set. Given h ∈ X, let (x n ) n ⊂ B be a sequence. Since B X is weakly p-precompact, we can assume that (x n ) n is weakly p-Cauchy. Hence Theorem 3.3(ii), implies that the sequence (f ′ (x n )(h)) n is converges in R and so, f ′ (B)(h) is relatively compact in R. Moreover, by the Theorem 3.3(v), f ′ (B) is a uniformly p-convergent set in K(X, R). Hence by the hypothesis f ′ (B)is uniformly completely continuous in K(X, R). On the other hand by using again the fact that B X is weakly p-precompact, we observation that X contains no copy of ℓ 1 . Therefore, ([21, Theorem 1]) implies that f ′ (B) is relatively compact in C p (X, R). Definition 3.3. A mapping f : U → Y is p-convergent, if for every U-bounded and weakly p-converging sequence (x n ) n to x ∈ U, the sequence (f (x n )) n norm converges to f (x). We denote the space of p-convergent mappings by and so, c = x n + (c − x n ) ∈ B ′ = B + d 2 B X . Therefore, I(x n , x n + δh) ⊂ B ′ . Similarly, I(x, x + δh) ⊂ B ′ . As an immediate consequence of the Mean Value Theorem ([7, Theorem 6.4]), and formula (2), we obtain
Similary,
In the other word, the sequences (x n + δh) n and (x n ) n are U-bounded and weakly p-convergent in U to x + δh and x, respectively. So, there exists n 0 ∈ N so that for n > n 0 , f (x n + δh) − f (x + δh) < εδ 4 , and f (x n ) − f (x) < εδ 4 . Therefore, for n > n 0 , f ′ (x n )(h) − f ′ (x)(h) < ε. Hence, for every h ∈ X, we have lim n f ′ (x n )(h) = f ′ (x)(h). Since f ′ (B) is relatively compact in K(X, Y ), Lemma 4.2 of [23] , implies that lim n f ′ (x n ) = f ′ (x).
